We formulate a quantum waveguide theory of the Josephson effect in multiband superconductors, with special emphasis on iron-based materials. By generalizing the boundary conditions of the scattering problem, we first determine the Andreev levels spectrum and then derive an explicit expression for the Josephson current which generalizes the formula of the single band case. In deriving the results, we provide a second quantization field theory allowing to evaluate the currentphase relation and the Josephson current fluctuations in multiband systems. We present results for two different order parameter symmetries, namely s± and s++, which are relevant in multiband systems. The obtained results show that the s± symmetry can support π states which are absent in the s++ case. We also argue a certain fragility of the Josephson current against phase fluctuations in the s++ case. The temperature dependence of the Josephson critical current is also analyzed and we find, for both the order parameter symmetries, remarkable violations of the Ambegaokar-Baratoff relation. The results are relevant in view of possible experiments aimed at investigating the order parameter symmetry of multiband superconductors using mesoscopic Josephson junctions.
I. INTRODUCTION
Multiband superconductivity [1] has been theoretically suggested few years later the BCS formulation of the superconducting state [2] . The discovery of the superconductivity in MgB 2 [3] in 2001 and the observation of superconductivity in Fe-based compounds (FeBS) [4, 5] in 2008, renewed the interest towards multiband superconductivity. One main reason is the comprehension of the pairing symmetry in this class of superconductors which is still object of intensive investigation. In the case of MgB 2 there is a clear consensus towards the picture of two coexisting in-phase superconducting gaps (s ++ pairing) [6] , while in FeBS the experimental evidences seem to be favorable, in some cases, to the s ± pairing, implying that both the electron-like and the hole-like band develop an s-wave superconducting state with order parameters of opposite sign [7] . Thus, in the s ± symmetry, the superconducting gap exhibits a sign reversal between α and β bands which is absent in the s ++ symmetry. This phase difference can be probed using point contact Andreev reflection spectroscopy (PCARS) which is considered as one of the high-resolution phase-sensitive techniques to investigate the superconducting order parameter [8] [9] [10] [11] . This technique has recently been applied to gain insight on the properties of the FeBS [12, 13] . However, in contrast to the high-T c cuprate superconductivity manifesting a d-wave symmetry, phase sensitive experiments ap-pear difficult in FeBS since the s ++ and s ± pairings have the same crystallographic symmetry and, as a matter of fact, so far no experiment has been decisive in discriminating between the two symmetries. A complementary tool to gain information on the symmetry of the order parameter is the current-phase relation of the Josephson current. In fact, along with PCARS, the Josephson effect has been used in the past as a probe of electronic properties in superconductors, included the order parameter symmetry (e.g. [14] [15] [16] [17] ). In this paper, in order to discriminate between different symmetries of the order parameter (s ++ and s ± ), we develop a quantum waveguides approach for the Josephson effect in a multiband superconducting junction. The presence of more than one band in the superconductor implies that extra scattering channels are present at the interface, a physical situation which is analogous to a quantum waveguides theory problem [18, 19] as recently suggested by PCARS modeling of a normalmultiband superconductor junction [20] . We evaluate the Josephson current carried by Andreev bound levels and demonstrate that several distinctive features of the s ± and s ++ symmetries of the order parameter can be evidenced in the current-phase relation. The results are particular relevant with respect to the fast progresses in nanofabrication techniques [21] which allow now to explore the Josephson effect in the mesoscopic junction regime, where supercurrent flows through a small number of channels. In this kind of nanometric junctions the effect of a different symmetry, s ± or s ++ , should emerge and the experimental results easily compared with the basic theory of the Josephson effect in these materials. The paper is organized as follows. In Section II we present the quantum waveguide model of a multiband superconductor coupled to another identical multiband superconductor (symmetrical junction) and derive the spectral equation of the Andreev bound states. In Section III we calculate the Josephson current by using a field theory formalism in second quantization. In Section IV we discuss the results for the current-phase relation and the temperature dependence of the critical current. In Section V we draw the conclusions. Details on the computation of the scattering coefficients are reported in Appendix A. The theory of the magnetic field dependence of the critical current of a Josephson junction is briefly recalled in Appendix B. 
II. MODEL AND THEORY
We formulate a ballistic theory of the Josephson effect describing multiband superconducting junctions. The theory allows to consider an arbitrary number of bands, which are treated as network branches of an effective quantum waveguide model. The proposed approach could be applied to the MgB 2 as well as the FeBS case. In order to develop the theory, hereafter we refer to the specific case of FeBS for which the s ++ and s ± symmetries have been suggested. The Josephson effect in FeBS has been already studied by using a number of different methods [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . However, most of these studies, except few cases [25] [26] [27] , deal with the so-called hybrid Josephson junction in which the junction is formed by a conventional (s-wave) superconductor and a (s ± or s ++ ) FeBS. We specialize here to the case of an allFeBS coplanar Josephson junction, in which both the electrodes are FeBS materials (symmetric junction), as occurs for instance in grain boundary junctions. So far, several Josephson junctions using thin films have been fabricated [42] [43] [44] [45] [46] [47] [48] [49] [50] [51] on bicrystal substrates (for a review on Fe-based Josephson junctions, see Ref. [52] and references therein) and thus a theoretical effort along this direction is needed. Thus we consider a Josephson junction model in which the electrodes are two-band FeBS. To this end the junction is represented by a network of four one-dimensional branches connected to a single node point x = 0 (see Fig. 1 ), x being the coordinate along the propagation direction normal to the interface. Each superconducting branch represents the i-th band on the left or the right side of the junction, while the band wave func-
, in the clean limit, obeys the equation
where j ∈ {α, β} is the band index, while
(θ(x) = 0, for x ≤ 0, θ(x) = 1 for x > 0) are the two coexisting pair potentials. The operatorĤ j (x) represents the single particle Bogoliubov-de Gennes Hamiltonian in the two bands, which readŝ
In writing Eq. (2) we are neglecting the proximity effect and assuming that the inhomogeneous character of the gap in the junction is captured by choosing ∆ α = ∆ β = 0 just at the node (short junction). The two gap values ∆ α , ∆ β , with ∆ α < ∆ β , are assumed to be the same in the two superconductive leads. The quantity ϕ is the gauge invariant phase difference between the two superconductive regions, ϕ α and ϕ β the internal pair potential phases. In the case of s ± -wave gap model, ϕ β − ϕ α = π and the two gap have opposite sign, while in the standard two band model, with same sign gaps, ϕ β − ϕ α = 0. The quantities m j in Eq. (3) are the effective masses of quasiparticles in the j-th superconducting branch and are material-dependent quantities. We also introduce a single-particle node potential U (x) which is different from zero only for x = 0 and can be modeled as the usual Blonder-Tinkham-Klapwijk [53] interface potential U (x) = U 0 δ(x), even though this limiting assumption is not required to develop the theory. The node potential U (x) allows the modeling of a FeBS/insulator/FeBS or FeBS/normal-metal/FeBS junction in which a normal scattering at the interface reduces the transparency of the junction. The junction barrier strength can be still characterized by introducing a Blonder-TinkhamKlapwijk dimensionless parameter Z = mU 0 /( 2 k F ) (m being the bare electron mass and k
2 ) within the boundary conditions of the scattering problem. The modified boundary conditions used here (see Eqs. (8), (9)) account for band-sensitive scattering effects and have been already introduced in Ref. [20] to describe the differential conductance of a normal-metal/FeBS junction; in the following we discuss their generalization to the Josephson junction case. The potentials U (x) and ∆ j (x) are responsible for the normal scattering and the scattering of electrons into holes (Andreev scattering) at the interface, respectively. The four wave functions, Ψ SL j (x), Ψ SR j (x) (j = α, β), one for each branch in the two electrodes, can be written in terms of the eigenstates of the local Hamiltonians as
for x > 0. Here u α and v α , and u β and v β are the Bogoliubov coefficients for the first and second band, respectively
with Ω j = ∆ j (T ) 2 − E 2 , j ∈ {α, β}, while T represents the temperature of the thermal bath. The wave vectors of the two bands
are well approximated by the expressions:
which are valid under the assumptions E F ≫ ∆ β , while the different signs " + ", " − " refer to electronlike or holelike excitations respectively. The coefficient r 2 j = m j /m represents the effective mass of the j-th band measured in units of the bare electron mass m. In writing Eqs. (7) we have introduced the dimensionless factor
, which represents the ratio between the Fermi wavelength k −1 F and the coherence length ξ(T ) ∼ v F /∆ α (T ). Its zero temperature value, χ 0 , can be also defined as χ 0 = ∆ α (0)/(2E F ). Since we are interested in localized subgap states, in Eq. (7) we assume E < ∆ α (0), ensuring that the wave functions Ψ SL j (x), Ψ SR j (x) (j = α, β) decay exponentially for |x| → ∞. The quasiparticle wave functions obey the generalized matching quantum waveguide conditions [20] 
Equations (8) and (9) guarantee the conservation of the charge current at the node x = 0 (quantum Kirchhoff's law) and generalize the waveguide boundary conditions given in Ref. [20] to the Josephson junction case. The three new parameters s α , s β , s characterize the interface and make the scattering and the current flow bandsensitive. Indeed, the overlap between the wave functions on different sides of the junction may favour scattering events towards a specific band, α or β. The existence of these 'band coupling parameters' implies that a discontinuity of the wave functions may occur at the node (x = 0) when at least one of the coupling parameters s α , s β , s is different from one. The meaning of this discontinuity has been discussed in Ref. [20] in connection with the theory of PCARS in multiband superconductors. The physical meaning of the overlap parameters s α , s β , s can be easily understood observing that setting, for instance, s α = 0 implies Ψ SR α (0) = 0. Thus the wave function Ψ SR α (x) presents a vanishing overlap at the interface with the remaining branch wave functions. As a consequence, in this case, the band α on the right side of the junction is excluded from the transport. The latter point can be further clarified by looking at the prefactor of the first term of Eq. (9), namely s α (m α /m) −1 , which governs the particle flow through the α band on the right side of the junction. Lowering s α has the same effect of increasing m α , causing a lowering of the particles flux through the considered band. In the equal coupling case (s α = s β = s = 1) the partitioning of the current among different network branches is entirely governed by the bulk mass ratios r j and only weakly affected by the interface scattering potential strength Z. Thus the parameters s α , s β , s can be properly interpreted as overlap or coupling factors which define the fraction of current flowing through a specific band. Eqs. (8)- (9) provide a linear system of equations for the eight unknown coefficients a j , b j , c j , d j (j ∈ {α, β}), appearing in the wave functions (see Appendix A). The bound state spectrum can be determined imposing the condition that this homogeneous system of equations has a nontrivial solution. Within the Andreev's approxima-
. Choosing δ = 0 or δ = π reflects the internal pairing symmetry s ++ or s ± , respectively. Two sets of energy levels 
E
+ (ϕ) and E − (ϕ) are found in solving Eq. (10), which correspond to electronlike and holelike quasiparticles, respectively. One finds that the Andreev bound states never appear beyond ∆ α . When s α = s β = s = 1, in the two limits r α → ∞ or r β → ∞ (exclusion of the α or β band respectively) Eq. (10) provides the well known s- Fig. 2 (c) ). In Fig. 2 we show Andreev bound states spectra computed using Eq. (10) . Once the mass ratios r j have been fixed, different Josephson couplings can be obtained depending on the kind of the order parameter symmetry and on the choice of the overlap factors. To better explain this point, we present different curves obtained by letting the parameter s α to vary in the range (0.3, 1) in steps of 0.1 while s β = s = 1. This choice of the overlap factors corresponds to weaken progressively the coupling of the band Ψ SR α from the remaining bands. Panels (a) and (b) (r α = 1.8, r β = 1) show a generalized lowering of the levels toward the zero energy state in the case of s ± symmetry (panel (a)), which is absent in the case of s ++ symmetry (panel (b)) and represents the main difference between the two symmetries in this case. A further difference is illustrated in panels (c) and (d) (r α = 1, r β = 1.8).
In the case of s ± symmetry (panel (c)) the energy levels undergo a gradual concavity change as the parameter s α is decreased. This concavity change is responsible for a π-shift in the current-phase relation, which is not observed in the s ++ case (Fig. 2(d) ). Thus, as also observed elsewhere [25] , a 0 − π transition may be a distinctive signature of the s ± symmetry. This point will be further explained in Section IV, where the current-phase relations and the temperature dependence of the maximum Josephson current will be presented.
III. JOSEPHSON CURRENT
The Josephson current flowing through the junction could be directly computed from the Andreev bound states according to the formula [55]:
Due to the special character of the bound state of a multiband junction, in the following we will characterize the Josephson current by using a field theory formalism in second quantization. We verified that the latter procedure provides results consistent with those obtained using Eq. (11) . The Cooper pair charge flowJ ch through the junction can be computed as quantum-statistical average of the current density operator according to the expression
represents the first-quantization band operator [56] . The second quantized fieldsψ jσ (ψ † jσ ) represent the annihilation (creation) operators of a spin σ electron in the j-th band and obey a fermionic algebra. These fields provide an appropriate basis in the absence of superconducting correlations. However, when the superconductivity is established,ψ jσ are not eigenfields of the problem and, for this reason, the Nambu representation can be conveniently used Ψ(x) = j∈{α,β} |j ⊗ (ψ j↑ ,ψ † j↓ )
t . The Nambu field Ψ(x) is a non-local quantity describing particle-hole excitations in different network branches and can be expanded in eigenfields of the Hamiltonian problem on the network. Limiting the expansion to the eigenfieldsγ σ describing the low-energy (sub-gap) states with energy ±E B ∈ [−∆ α , ∆ α ], we get:
where
B (x) is the wave function of the electron-like bound state having energy eigenvalue E B > 0, whileψ B (x) = [ j |j j| ⊗ iσ y C]ψ B (x) represents its time-reversed state associated with a hole-like state with energy −E B . The electronlike bound state is localized at the interface and extends over all the waveguide branches. Thus eigenstates of the local branch Hamiltonians can be used to expand ψ B (x), using the following decomposition:
with ν ∈ [L, R] an index identifying the left (x < 0) or right (x > 0) side of the junction. Once Ψ(x) has been expanded in eigenfieldsγ σ it is possible to recognize the fermionic fieldsψ j↑ in the expression:
with
and analogously for v j (x). Substituting Equation (14) in the expression forJ ch , in the absence of spin-sensitive potentials [57], we obtain (x > 0):
where we explicitly used the thermal equilibrium averages γ † σγ σ = f (E B ) and γ σγ †
where the coefficients c j and d j are calculated at the energy E B = ǫ B (ϕ)∆ α (T ), while ǫ B (ϕ) is solution of Eq. (10). It's worth mentioning here that the Fermi velocity in the i-th band is given by v (i) F = v F /r i , while the quantity v F = k F /m is just used as velocity unit. Equation (16) is one of the main results of this work and generalizes the expression found in Ref. [59] to the multiband case. Equation (16), complemented by the coefficients c j and d j derived following the procedure sketched in Appendix A, allows to obtain the current-phase relation of the junction. In deriving the scattering coefficients a j , b j , c j , d j (j ∈ {α, β}), Eqs. (8)- (9) have to be complemented by the normalization condition,
† ψ B (x) = 1, of the bound state wave function ψ B (x):
The normalization condition can be satisfied only considering an imaginary part in the expressions of the quasiparticle momenta p 
, the decay length being comparable with the coherence length ξ(T ) ∼ v F /∆ α (T ). Due to the different decay lengths characterizing the bound state wave function, |E B | cannot exceed ∆ α . Indeed, assuming E B > ∆ α , the quantum state is no more localized and its wave function ψ B (x) is not normalizable. The above arguments explains why the bound state energy E B cannot exceed the minimum value among the superconducting gaps describing the multiband junction. This latter aspect suggests that the performances of a multiband Josephson junction can be strongly affected by disorder effects and inhomogeneities.
IV. NUMERICAL RESULTS
In this section we provides specific examples of currentphase relation derived through Eq. (16) . We assume that the temperature dependence of both gaps ∆ j (j = α, β) is given by ∆ j (T ) = ∆ j (0) tanh 1.74 T c /T − 1 , where T c is the critical temperature of the superconducting transition. We also assume the validity of the BCS ratio ∆ α (0)/k B T c = 1.76 between the critical temperature and the zero temperature pair potential. Under these assumptions, the parameter γ = ∆ β /∆ α does not depend on the temperature. Note that the quantity χ 0 has been assigned the value 0.01 in the calculations but that the a S results do not depend on the specific value of χ 0 , provided that χ 0 ≪ 1. In Figure 3 we present the current-phase relation of two junction configurations whose bound states energy has been shown in Fig. 2 . In particular, in panels (a) and (b), we report the current-phase relation computed for the s ± and the s ++ symmetry, respectively, setting the model parameters as follows: Z = 0.03, γ = 3, r 1 = 1.8, Figure  4 is the violation of the Ambegaokar-Baratoff relation, which is usually reported in multiband S/I/S Josephson junctions [60] . The entity of such violation depends on the junction parameters and is more pronounced for the s ± symmetry (see panels (a) and (c)), where the critical current vs temperature curves develop a peculiar positive curvature. Panels (b) and (d) are described by a deformed Ambegaokar-Baratoff relation and suggest that a π junction cannot be observed for the s ++ symmetry. In this respect we observe that the 0 − π transition reported in the present work (see Figure 3(c) and 4(c) ) is the result of a different mechanism compared to the one described in Ref. [25] . There the transition originates from the competition of two Andreev bound states carrying opposite current. As the temperature is lowered the state with higher energy eigenvalue is progressively excluded from the transport and a sign reversal of the critical current is observed. Here we predict the presence of a single electron-like bound state and thus a temperature activated 0 − π transition cannot be observed as an intrinsic effect. However, direct tunneling (α → α or β → β) and crossed tunneling (α → β or β → α) effects provide supercurrent contribution with opposite sign and thus, depending on the relative strength of these contributions, a π-junction can be formed only assuming the s ± symmetry. The relative strength of the direct and crossed tunneling contributions is controlled in the model by the overlap parameters s α , s β , and s which are characteristic of the interface. According to these arguments, a 0 − π transition can occur by varying at least one overlap parameter. This can be done in different ways: (i) changing the temperature can induce a lattice deformation at the interface which is relevant in determining the overlap parameters; (ii) experiments performed under controllable pressure or strain allow to control lattice distortion and thus the overlap parameters. Both the methods (i) and (ii) can be used to induce the 0 − π transition in multiband Josephson junctions. The mechanism of formation of a π-junction described above can be also recovered in the framework of a semiclassical theory of the s ± /I/s ± Josephson junction as developed in Ref. [61] .
However, as clearly evidenced in Figs. 3(a)-(b) , the 0 − π transition is strongly affected by the bands effective mass and can remain unobserved also for an s ± junction. Under this condition, the magnetic response of the system (see Appendix B for details) provides an indirect probe of the harmonic content of the currentphase relation and can help in discriminating the pairing symmetry of the junction. In particular, the zero-field critical current I c (0) of the s ++ case (see Fig. 3(b) ) is greater than the corresponding value obtained for the s ± case (see Fig. 3(a) ). As a consequence, one expects that the harmonic content of the current-phase relation of the s ++ case strongly affects the low-field magnetic diffraction pattern of the junction. On the other hand, for the s ± case, the high harmonic contribution is expected to be less important due to the lower value of zero-field critical current. The above arguments are confirmed by is studied as a function of the applied magnetic flux Φ/Φ 0 (normalized to the flux quantum Φ 0 ) for the s ± (panel (a)) and the s ++ (panel (b)) symmetry, while the model parameters are fixed as done for the corresponding panels in Fig. 3 . Interestingly, the s ++ Josephson junction evidences a critical current halving already for flux values of ∼ 0.4Φ 0 , while the critical current of the s ± case is less sensitive to magnetic field effects.
V. CONCLUSIONS
We have formulated a minimal model of the dc Josephson effect for multiband superconductors based on the quantum waveguide approach. The method is based on the analogy between multiband superconductors and multibranch networks recently suggested in Ref. [18] . Accordingly, the subgap bound states wave functions (electron-and hole-like), relevant in describing the quantum transport within the short junction limit, are decomposed using the eigenstates of local branch Hamiltonians and the coefficients of such a decomposition are found imposing generalized boundary conditions on the wave functions. The boundary conditions, never used before for this problem, are direct generalization of those used in Ref. [20] and incorporate a local scattering potential at the interface (Z parameter) and band overlap factors s α , s β , and s which define the weight of each band in the quasiparticles transport. This provides an effective parametrization of the interface effects allowing to describe Josephson junctions ranging from the metallic (Z ≪ 1) to the tunnel limit (Z ≫ 1). The bulk properties of the superconducting bands are introduced using different effective masses (r j parameters) which can be determined by complementary experiments. We have solved the scattering problem and we have determined the Andreev bound states spectrum and the normalized eigenfunctions. The Josephson current flowing through the junction has been computed using a second quantization approach which correctly reproduces results obtained using the phase derivative of the Andreev bound states spectrum formula. The second quantization method used in the derivation of the Josephson current generalizes the result presented in Ref. [59] for a single band superconductor to the multiband case and represents one of the main results of this work. To provide a specific and relevant application of the theory, we have focused our treatment on FeBS-FeBS tunnel junctions. In particular, we have derived the current-phase relations and the critical currents of symmetric FeBS junctions modeled as superconducting systems with two relevant bands. We have analyzed s ++ and s ± symmetries of the FeBS and we have shown that a π-junction can be observed only for s ± symmetry and under appropriate interface conditions, which are carefully discussed in the text. The matching conditions Eqs. (8)- (9) provide the linear homogeneous system M · X = 0, where X = (a α , ..., d α , a β , ..., d β ) t and M is the following matrix
The homogeneous system admits non-trivial solution provided that the condition det(M) = 0 (Eq. (10) of the main text) is fulfilled. Since M is not a maximal rank matrix, the normalization condition of the bound state wave function provides a further condition to determine the coefficients vector X.
Appendix B: Magnetic field dependence of the critical current
We describe the response of a Josephson junction under the application of a sufficiently weak external magnetic field H = Hẑ parallel to the z-axis. We explicitly assume the small junction limit in which the transverse dimension L of the junction (parallel to the y-axis) is comparable or smaller than the Josephson penetration length λ j (L λ j ) [65] . The junction region, located at x = 0, presents a reduced pairing potential and thus experiences the maximum magnetic field value, while inside the electrodes the polarizing effect of the field is effectively screened by supercurrents. Due to this, the spatial dependence of the magnetic field is given by H = Hẑ exp(−|x|/λ). Since we are interested in the bulk effect of H, observing that ∞ −∞ H ·ẑdx = 2λH, we can approximate the spatial dependence of the field according to the expression H =ẑ Φ L δ(x), where we introduced the magnetic flux Φ = 2λLH induced by the external field and the Dirac delta function δ(x). The magnetic field H = ∇ × A can be expressed in terms of the vector potential A = (− Φy L δ(x), 0, 0) which is not affected by self-fields in the considered limit. Assuming that the Zeeman term is effectively screened in the bulk of the electrodes, the presence of H affects the BdG branch Hamiltonian H (j) BdG (Eq. 1) only through the substitutionp x →p x − eA x . The vector potential A x can be gauged away by means of the unitary transformation
withσ z a Pauli matrix acting on the particle-hole space and Φ 0 = h/(2|e|) the elementary flux quantum. The transformed branch Hamiltonian H (j)
BdG U under the action of U can be obtained with the following substitutions:
while the BdG state associated to H (j)
BdG is given by Ψ j = U † Ψ j . The pair potential ∆ j (x) takes the same mathematical structure of the one presented in Eq. (2), the only action of the unitary transformation being the substitution of the phase difference ϕ with ϕ = ϕ − 2π Φ Φ0 y L . As a consequence the phase difference between the two sides of the junction is modulated along the junction and this modulation is the source of the magnetic diffraction pattern affecting the critical current of the junction. Under our assumptions, the y-dependence of the pair potential is adiabatic compared to the microscopic scale of the problem. This statement can be rigorously proved using the two-scale perturbation theory [62] . In particular the wave vector, q = 2π L Φ Φ0 , modulating the superconducting phase is much smaller than the Fermi wave vectors r j k F and thus the phase modulation along the y-direction enters only parametrically in the one dimensional problem described in the main text. The validity of these arguments also requires that the Cooper pairs tunneling with normal incidence represents the dominant microscopic process and thus the energy associated with transverse modes is negligible compared to the Fermi energy. When the energy of the transverse modes becomes relevant (e.g. for very short junctions with L ≪ λ) on the Fermi energy scale, a full treatment of the transverse degrees of freedom is required. Hereafter, we focus our attention on the case of adiabatic phase variation of ϕ along the transverse dimension of the junction. Under this assumption, once the current-phase relation I J (ϕ) has been obtained according to the procedure given in the main text, the magnetic field dependence of the critical current of the junction is obtained according to the formula:
where the current-phase relation presents a parametric dependence on y. A further progress can be done observing that the current-phase relation is an odd function of the phase difference and thus it can be written as I J (ϕ) = ∞ n=0 a n sin(nϕ). As a consequence, Eq. (B3) takes the form: 
where the coefficients a n can be directly extracted by I J (ϕ) using the relation:
where we explicitly used the orthogonality condition , when a single-harmonic current-phase dependence I J (ϕ) = a 1 sin(ϕ) is considered, while deviations are expected if the high-harmonic contribution is not negligible. For the above reasons, the magnetic diffraction pattern I c (Φ) is an indirect probe of the harmonic content of the current-phase relation of the junction. Our treatment of the magnetic field effects on the junction justifies the validity of the approach proposed in Refs. [63, 64] and the classical argument given in Ref. [65] . [57] In the absence of magnetic potentials, the intensity of the charge currentJ ch,σ = j ψ † jσJ jψjσ sustained by spin σ ∈ {↑, ↓} electrons does not depend on the spin projection σ, i.e.J ch,↑ =J ch,↓ . As a consequenceJ ch can be computed according to the formulaJ ch = 2J ch,↑ , as performed in the main text.
[58] The charge currentJ ch can be expressed in units of |e|∆α(0)/ according to the formula: I = 2 · χ 
